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introduction to the galois correspondence introduction to the galois
correspondence is a foundational concept in abstract algebra, particularly in
the study of field extensions and polynomial solvability. This article delves
into the intricate relationship between field extensions and group theory, as
illuminated by the Galois correspondence. We will explore the fundamental
ideas behind Galois theory, including the construction of field extensions,
the definition of Galois groups, and the formulation of the correspondence
itself. Understanding this correspondence provides profound insights into the
structure of polynomials and the solvability of equations by radicals, a
problem that historically spurred much of this development. Prepare for a
comprehensive journey into this elegant mathematical framework.
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Understanding Field Extensions

A field extension is a fundamental building block in abstract algebra.
Informally, it's a larger field that contains a smaller field as a subfield.
More formally, if $F$ and $K$ are fields, we say $K$ is a field extension of
$F$ if $F$ is a subfield of $K$. This relationship is often denoted as $K/F$.
For instance, the field of real numbers $\mathbb{R}$ is an extension of the
field of rational numbers $\mathbb{Q}$, as every rational number is also a
real number. The study of field extensions allows us to analyze the
properties of algebraic numbers and the roots of polynomials.

The "size" or "degree" of a field extension $K/F$ is crucial. It's defined as
the dimension of $K$ considered as a vector space over $F$, denoted as
$[K:F]$. This degree captures how much "larger" the field $K$ is compared to
$F$. For example, the extension $\mathbb{Q}(\sqrt{2})/\mathbb{Q}$ has degree
2, as any element in $\mathbb{Q}(\sqrt{2})$ can be uniquely expressed in the
form $a + b\sqrt{2}$, where $a, b \in \mathbb{Q}$. The construction of new



fields by adjoining roots of polynomials to existing fields is a common way
to generate extensions.

The Concept of Normal and Separable Extensions

Not all field extensions are equally well-behaved for the purposes of Galois
theory. Two critical properties are normality and separability. A field
extension $K/F$ is said to be normal if $K$ is the splitting field of some
polynomial with coefficients in $F$. A splitting field of a polynomial is the
smallest field extension that contains all the roots of that polynomial.
Essentially, a normal extension "closes" the roots of polynomials over the
base field.

A field extension $K/F$ is separable if every irreducible polynomial in
$F[x]$ that has a root in $K$ splits into distinct linear factors in $K[x]$.
In simpler terms, all roots of irreducible polynomials are simple (not
repeated). For extensions of fields with characteristic zero (like
$\mathbb{Q}$ or $\mathbb{R}$), separability is often automatically satisfied.
However, in fields of positive characteristic, it's a condition that needs to
be explicitly considered.

When an extension $K/F$ is both normal and separable, it is called a Galois
extension. This class of extensions is central to the Galois correspondence,
as it establishes a direct and elegant connection between the substructures
of the extension field and the symmetries of its roots.

Introducing the Galois Group

The Galois group of a field extension $K/F$ is the group of all automorphisms
of $K$ that fix every element of $F$. An automorphism is a bijective ring
homomorphism from $K$ to itself. The condition that it "fixes" $F$ means that
for any element $a \in F$, the automorphism $\sigma$ satisfies $\sigma(a) =
a$. These automorphisms can be thought of as symmetries of the field $K$ that
preserve the structure of the base field $F$. The set of all such
automorphisms forms a group under the operation of function composition.

For a Galois extension $K/F$, the order of the Galois group, denoted
$|\text{Gal}(K/F)|$, is equal to the degree of the extension, $[K:F]$. This
remarkable equality is a cornerstone of Galois theory. The elements of the
Galois group permute the roots of irreducible polynomials over $F$ in a way
that is consistent with the field structure. For instance, if $\alpha$ is a
root of a polynomial $p(x) \in F[x]$, and $\sigma$ is in the Galois group,
then $\sigma(\alpha)$ is also a root of $p(x)$.



The Galois Correspondence: A Bridge Between
Fields and Groups

The Galois correspondence, also known as the fundamental theorem of Galois
theory, establishes a profound and beautiful bijection between the
intermediate fields of a Galois extension and the subgroups of its Galois
group. An intermediate field $E$ is a field such that $F \subseteq E
\subseteq K$. The Galois group $\text{Gal}(K/F)$ acts on these intermediate
fields.

The correspondence works as follows: for every intermediate field $E$, there
is a unique subgroup $H$ of $\text{Gal}(K/F)$ consisting of all automorphisms
that fix $E$. Conversely, for every subgroup $H$ of $\text{Gal}(K/F)$, there
is a unique intermediate field $E$ such that $H$ is precisely the set of
automorphisms fixing $E$. This creates a one-to-one mapping between the set
of intermediate fields and the set of subgroups of the Galois group.

This duality is incredibly powerful. It allows us to translate problems about
field extensions, which can be geometrically intuitive but algebraically
complex, into problems about group theory, which has a rich and well-
developed structure. Conversely, it can illuminate group-theoretic properties
through the lens of algebraic structures.

Key Properties of the Galois Correspondence

The Galois correspondence is not just a simple pairing; it has several key
properties that make it so useful. One of the most important is the
relationship between the degrees of the extensions and the orders of the
subgroups. For an intermediate field $E$, the degree of the extension $[K:E]$
is equal to the order of the corresponding subgroup $H$, $|H|$. Similarly,
the degree of the extension $[E:F]$ is equal to the index of the subgroup $H$
in $\text{Gal}(K/F)$, i.e., $|\text{Gal}(K/F)| / |H|$.

Another crucial property relates to normality. An intermediate field $E$ is a
normal extension of $F$ if and only if the corresponding subgroup $H$ is a
normal subgroup of $\text{Gal}(K/F)$. When $E/F$ is a normal extension, the
Galois group of $E/F$, $\text{Gal}(E/F)$, is isomorphic to the quotient group
$\text{Gal}(K/F) / H$. This allows us to decompose larger Galois groups into
smaller ones, revealing the intricate structure of the symmetries.

The correspondence also preserves intersections and unions of fields. The
subgroup corresponding to the compositum of two intermediate fields is the
intersection of their corresponding subgroups. Conversely, the subgroup
corresponding to the intersection of two intermediate fields is the
compositum (or join) of their corresponding subgroups. These properties



further solidify the utility of the correspondence.

Degree of extension $[K:E]$ corresponds to the order of subgroup $|H|$.

Degree of extension $[E:F]$ corresponds to the index of subgroup
$|\text{Gal}(K/F)|/|H|$.

Intermediate field $E$ is normal over $F$ if and only if the
corresponding subgroup $H$ is normal in $\text{Gal}(K/F)$.

The Galois group of $E/F$ is isomorphic to the quotient group
$\text{Gal}(K/F) / H$.

The correspondence respects field operations (compositum and
intersection) and group operations (intersection and compositum).

Applications and Significance of the Galois
Correspondence

The most famous application of the Galois correspondence is the proof of the
unsolvability of the general quintic equation by radicals. Évariste Galois
demonstrated that a polynomial equation is solvable by radicals if and only
if its Galois group is a solvable group. He showed that the Galois group of
the general quintic equation is the symmetric group $S_5$, which is not
solvable. This provided a definitive answer to a problem that had eluded
mathematicians for centuries.

Beyond polynomial solvability, the Galois correspondence is fundamental in
many areas of mathematics. It plays a vital role in algebraic number theory,
where it is used to study the structure of number fields and their associated
Galois groups, known as ideal class groups and Galois groups of number field
extensions. In algebraic geometry, it provides tools for analyzing symmetries
of algebraic varieties and understanding their properties.

The correspondence also sheds light on constructibility problems. For
example, it explains why it's impossible to trisect an angle or construct a
regular $n$-gon for certain values of $n$ using only a compass and
straightedge. These geometric problems can be translated into questions about
field extensions, and the Galois correspondence shows that the required field
extensions have Galois groups that are not "solvable" in the sense relevant
to compass and straightedge constructions.



Historical Context and Evolution

The development of Galois theory is intimately linked to the quest to solve
polynomial equations. Early work by mathematicians like Girolamo Cardano and
Niccolò Fontana Tartaglia in the 16th century yielded formulas for solving
cubic and quartic equations using radicals. However, these formulas became
increasingly complex, and attempts to find a general formula for the quintic
equation proved fruitless.

In the early 19th century, Niels Henrik Abel made significant progress,
proving that no general algebraic solution exists for equations of degree
five or higher. It was Évariste Galois, in his tragically short life, who
provided the definitive framework. His revolutionary work, published
posthumously, introduced the concept of the Galois group and formulated the
correspondence that bears his name. His ideas, though initially abstract,
provided a powerful new lens through which to view algebraic structures and
their inherent symmetries, fundamentally changing the landscape of
mathematics.

FAQ

Q: What is the core idea behind the Galois
correspondence?
A: The core idea of the Galois correspondence is to establish a direct,
invertible relationship between the intermediate fields of a Galois field
extension and the subgroups of its Galois group. This means that every
subgroup of the Galois group corresponds to a unique intermediate field, and
vice versa, providing a powerful tool for translating between field theory
and group theory.

Q: Why are normal and separable extensions important
for the Galois correspondence?
A: The Galois correspondence, as stated in the fundamental theorem of Galois
theory, applies specifically to Galois extensions, which are defined as
extensions that are both normal and separable. Normality ensures that all
roots of polynomials over the base field lie within the extension, while
separability guarantees that these roots are distinct, which is crucial for
the well-definedness and properties of the Galois group and the
correspondence.

Q: How does the Galois correspondence help in



understanding polynomial solvability?
A: The Galois correspondence provides the theoretical basis for determining
if a polynomial equation can be solved by radicals. It links the solvability
of a polynomial to the structure of its Galois group. A polynomial is
solvable by radicals if and only if its Galois group is a solvable group, a
concept deeply connected to the subgroups and normal subgroups revealed by
the Galois correspondence.

Q: Can you give a simple example of a field
extension and its Galois group?
A: Consider the field extension $\mathbb{Q}(\sqrt{2})/\mathbb{Q}$. The Galois
group consists of automorphisms of $\mathbb{Q}(\sqrt{2})$ that fix
$\mathbb{Q}$. The only such automorphism is the identity map, so
$\text{Gal}(\mathbb{Q}(\sqrt{2})/\mathbb{Q})$ is the trivial group. A more
illustrative example is $\mathbb{Q}(\zeta_3)/\mathbb{Q}$, where $\zeta_3$ is
a primitive cube root of unity. Its Galois group is isomorphic to the cyclic
group $C_2$, with elements being the identity and the automorphism that sends
$\zeta_3$ to $\zeta_3^2$.

Q: What is the significance of intermediate fields
in the Galois correspondence?
A: Intermediate fields represent sub-structures within a larger field
extension. The Galois correspondence shows how these sub-structures are
mirrored by the sub-structures (subgroups) of the Galois group. Studying
these intermediate fields and their corresponding subgroups allows
mathematicians to break down complex problems about field extensions into
simpler, more manageable parts.

Q: How did Évariste Galois's work revolutionize
algebra?
A: Galois's revolutionary contribution was the creation of a systematic
method to analyze polynomial equations through group theory. Before Galois,
mathematicians sought algebraic formulas for roots. Galois provided a
criterion for solvability by radicals based on the abstract structure of the
polynomial's roots' symmetries (the Galois group), fundamentally shifting the
focus from explicit formulas to structural properties.

Q: Does the Galois correspondence apply to all field
extensions?
A: No, the strict form of the Galois correspondence, as stated in the
fundamental theorem of Galois theory, applies specifically to Galois



extensions, which are normal and separable. While there are generalizations
and related concepts for non-Galois extensions, the direct bijection is a
hallmark of Galois extensions.
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