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Introduction to Cardinal Arithmetic is an essential topic in set theory and mathematical logic that
explores the sizes of sets, particularly infinite sets. Cardinal arithmetic investigates how these sizes
interact under various operations such as addition, multiplication, and exponentiation. This article will
provide a comprehensive introduction to cardinal arithmetic, drawing on material from the Birkh&user

Advanced Texts series, specifically focusing on their contributions to this area of mathematical study.

Understanding Cardinals and Ordinals

To dive into cardinal arithmetic, it is crucial first to understand the concepts of cardinals and ordinals.

Cardinal Numbers

Cardinal numbers measure the "size" of a set, allowing us to compare the sizes of different sets. For
finite sets, cardinals are simply the natural numbers (0, 1, 2, ...). However, when considering infinite

sets, cardinal numbers take on a more complex form:

- Countable Cardinals: The cardinality of the set of natural numbers is denoted by \( \aleph_0 \) (aleph-
null). Any set that can be put into a one-to-one correspondence with the natural numbers is countably

infinite.

- Uncountable Cardinals: The set of real numbers has a larger cardinality, often denoted by \(

\mathfrak{c} \) (the cardinality of the continuum). It can be shown that \( \mathfrak{c} > \aleph_0\).



Each infinite set has a cardinality that can be compared, leading to the hierarchy of infinite sets.

Ordinal Numbers

Ordinal numbers, on the other hand, not only measure the size of a set but also capture the concept
of order. They extend beyond simple counting to describe the position of elements in a well-ordered
set.

Key properties of ordinals include:

- Well-Order: Every non-empty set of ordinals has a least element.

- Ordinal Addition: Unlike cardinal addition, ordinal addition is not commutative.

- Limit Ordinals: These are ordinals that are not zero and are not successors of any ordinal.

Understanding the distinction between cardinals and ordinals is foundational for exploring cardinal

arithmetic.

Operations in Cardinal Arithmetic

Cardinal arithmetic involves several operations that can be performed on cardinal numbers. These

operations include addition, multiplication, and exponentiation.

Cardinal Addition

In cardinal arithmetic, addition follows these basic rules:

1. If \( \kappa \) and \( \lambda \) are two cardinals, the sum \( \kappa + \lambda \) is defined as the



cardinality of the disjoint union of two sets of sizes \( \kappa \) and \( \lambda \).

2. When dealing with infinite cardinals, the addition of cardinals behaves differently:

- For any infinite cardinal \( \kappa \) and finite cardinal \( n \), we have \( \kappa + n = \kappa \).
- For any two infinite cardinals \( \kappa \) and \( \lambda \), \( \kappa + \lambda = \max(\kappa,
\lambda) \).

This means that adding a finite or smaller infinite cardinal to a larger infinite cardinal does not change

its size.

Cardinal Multiplication

Cardinal multiplication is defined similarly:

1. For two cardinals \( \kappa \) and \( \lambda \), the product \( \kappa \cdot \lambda \) represents the
cardinality of the Cartesian product of two sets.

2. Infinite cardinal multiplication also has unique properties:

- For any infinite cardinal \( \kappa \) and finite cardinal \( n \), \( \kappa \cdot n = \kappa \).

- If \( \kappa \) and \( \lambda \) are both infinite cardinals, then \( \kappa \cdot \lambda = \max(\kappa,
\lambda) \).

These properties illustrate that multiplying by finite cardinals does not affect the size of infinite

cardinals.

Cardinal Exponentiation

Exponentiation in cardinal arithmetic is a bit more complex:

1. The expression \( \kappa”™\lambda \) represents the cardinality of the set of functions from a set of

size \( \lambda \) to a set of size \( \kappa \).



2. Key results in cardinal exponentiation include:

- If \( \kappa \) is finite, then \( \kappa”0 = 1 \) and \( \kappa®1 = \kappa \).

- If \( \lambda \) is finite and \( \kappa \) is infinite, then \( \kappa™\lambda = \kappa \).

- If both \( \kappa \) and \( \lambda \) are infinite, the behavior can vary depending on the specific

sizes.

Understanding these operations provides the groundwork for more advanced discussions in cardinal

arithmetic.

Advanced Topics in Cardinal Arithmetic

After laying the foundational concepts, we can explore some advanced topics that arise in cardinal

arithmetic, particularly those discussed in the Birkhduser Advanced Texts series.

Cardinal Characteristics of the Continuum

One significant area of research is the cardinal characteristics of the continuum, which examines

various sizes of collections of sets and their relationships. Some important characteristics include:

- Continuum Hypothesis (CH): This hypothesis posits that there is no set whose cardinality is strictly

between that of the integers and the real numbers. It remains independent of the standard axioms of
set theory (ZFC).

- Cohen Reals: The introduction of forcing by Paul Cohen allows the construction of new sets of real

numbers, impacting the cardinal characteristics of the continuum.

These topics illustrate the depth and complexity of cardinal arithmetic as it interacts with other areas of

set theory.



Large Cardinals

Another advanced topic is the study of large cardinals, which are cardinals with certain strong
properties that imply the consistency of various mathematical theories. Large cardinals can lead to

significant insights into:

- Set Theory Consistency: They provide a way to demonstrate the consistency of ZFC with the
existence of certain types of cardinals.
- Reflection Principles: These principles explore how properties of sets can reflect through various

levels of the hierarchy of cardinals.

The study of large cardinals has implications for both pure and applied mathematics, influencing areas

such as topology, model theory, and beyond.

Conclusion

In conclusion, Introduction to Cardinal Arithmetic serves as a foundational stone in understanding the
size and structure of sets, particularly in the context of infinite sets. The operations of addition,
multiplication, and exponentiation reveal unique properties that distinguish cardinal arithmetic from
ordinary arithmetic. Advanced topics such as the cardinal characteristics of the continuum and the

study of large cardinals further enrich our understanding of this fascinating area of mathematics.

The Birkhduser Advanced Texts series provides a wealth of resources for deeper exploration into
these topics, offering insights that are essential for mathematicians, educators, and students alike. As
our understanding of cardinal arithmetic continues to evolve, it remains a vital area of research within

the broader framework of mathematical logic and set theory.



Frequently Asked Questions

What is cardinal arithmetic?

Cardinal arithmetic is a branch of mathematics that studies the properties and operations of cardinal

numbers, which represent the size of sets.

Who is the author of 'Introduction to Cardinal Arithmetic'?

The book 'Introduction to Cardinal Arithmetic' is authored by H. Jerome Keisler.

What topics are covered in 'Introduction to Cardinal Arithmetic'?

The book covers topics such as cardinal numbers, ordinal numbers, operations on cardinals, and the
continuum hypothesis.

What is the significance of cardinal numbers in set theory?

Cardinal numbers help to compare the sizes of sets, allowing mathematicians to understand concepts
like countability and infinity.

Is 'Introduction to Cardinal Arithmetic' suitable for beginners?

Yes, the book is designed to be accessible for readers who have a basic understanding of set theory
and logic.

What is the continuum hypothesis discussed in the book?

The continuum hypothesis is a hypothesis about the possible sizes of infinite sets, specifically whether

there is a set whose size is strictly between that of the integers and the real numbers.



How does 'Introduction to Cardinal Arithmetic' contribute to advanced
mathematical education?

The book provides a thorough introduction to cardinal arithmetic, equipping students and researchers

with foundational knowledge that is crucial for more advanced studies in set theory and related fields.

What kind of exercises can be found in the book?

The book includes a variety of exercises that range from basic problems to more complex proofs,

helping readers to reinforce their understanding of the material.

Are there any prerequisites for reading 'Introduction to Cardinal

Arithmetic'?
A basic understanding of set theory, logic, and mathematical proof techniques is recommended for

readers of the book.

What is the target audience for 'Introduction to Cardinal Arithmetic'?

The target audience includes graduate students, researchers, and anyone with a keen interest in set

theory and mathematical logic.
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