INTERMEDIATE ALGEBRA GRAPHS AND FUNCTIONS

TITLE: UNLOCKING THE POWER OF INTERMEDIATE ALGEBRA GRAPHS AND FUNCTIONS

INTERMEDIATE ALGEBRA GRAPHS AND FUNCTIONS FORM THE BEDROCK OF UNDERSTANDING MATHEMATICAL RELATIONSHIPS AND
VISUALIZING ABSTRACT CONCEPTS. THIS COMPREHENSIVE GUIDE DELVES INTO THE ESSENTIAL ELEMENTS OF PLOTTING AND
INTERPRETING THESE CRUCIAL MATHEMATICAL TOOLS, EQUIPPING STUDENTS AND ENTHUSIASTS WITH A SOLID GRASP OF THEIR
PRINCIPLES. WE WILL EXPLORE THE FUNDAMENTAL NATURE OF FUNCTIONS, THEIR GRAPHICAL REPRESENTATIONS, AND THE KEY
CHARACTERISTICS THAT DEFINE THEM, SUCH AS DOMAIN, RANGE, INTERCEPTS, AND SYMMETRY. FURTHERMORE, WE WILL DISSECT
VARIOUS TYPES OF FUNCTIONS, INCLUDING LINEAR, QUADRATIC, EXPONENTIAL, AND LOGARITHMIC, AND ILLUSTRATE HOW THEIR
UNIQUE PROPERTIES MANIFEST IN THEIR CORRESPONDING GRAPHS. BY MASTERING INTERMEDIATE ALGEBRA GRAPHS AND FUNCTIONS,
YOU WILL GAIN A POWERFUL ANALYTICAL LENS TO INTERPRET DATA, SOLVE COMPLEX PROBLEMS, AND APPRECIATE THE
ELEGANT STRUCTURE OF MATHEMATICS.
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UNDERSTANDING FUNCTIONS AND THEIR NOTATION

AT ITS CORE, A FUNCTION IS A RULE THAT ASSIGNS TO EACH INPUT VALUE EXACTLY ONE OUTPUT VALUE. THIS FUNDAMENTAL
CONCEPT IS CENTRAL TO INTERMEDIATE ALGEBRA AND IS VISUALIZED THROUGH GRAPHS AND REPRESENTED BY SPECIFIC NOTATION.
UNDERSTANDING THIS ONE-TO-ONE CORRESPONDENCE IS PARAMOUNT FOR COMPREHENDING HOW DIFFERENT MATHEMATICAL
RELATIONSHIPS BEHAVE AND HOW THEY CAN BE DEPICTED VISUALLY. \WE OFTEN DENOTE FUNCTIONS USING LETTERS LIKE $F$,
$G$, OR $H$, AND THE NOTATION $F(X)$ SIGNIFIES THE OUTPUT OF THE FUNCTION $F$ WHEN THE INPUT IS $x$. THIS
SYMBOLIC REPRESENTATION ALLOWS US TO CONCISELY EXPRESS AND MANIPULATE MATHEMATICAL RELATIONSHIPS.

THE INPUT VARIABLE IS TYPICALLY REFERRED TO AS THE INDEPENDENT VARIABLE, WHILE THE OUTPUT IS KNOWN AS THE
DEPENDENT VARIABLE. THIS DEPENDENCY IS CLEARLY ILLUSTRATED WHEN WE EXAMINE THE GRAPH OF A FUNCTION, WHERE THE
HORIZONTAL AXIS USUALLY REPRESENTS THE INDEPENDENT VARIABLE AND THE VERTICAL AXIS REPRESENTS THE DEPENDENT
VARIABLE. RECOGNIZING THIS STRUCTURE HELPS IN INTERPRETING THE BEHAVIOR AND TRENDS OF THE FUNCTION.

FuncTioN NoTATION: A DeePer DIVE

FUNCTION NOTATION, SUCH AS $F(x) = 2x + 3%, PROVIDES A STANDARDIZED WAY TO EXPRESS MATHEMATICAL OPERATIONS.
TO EVALUATE A FUNCTION FOR A SPECIFIC INPUT, WE SUBSTITUTE THAT VALUE FOR THE VARIABLE. FOR INSTANCE, TO FIND
$r(4)$ FOR THE FUNCTION $F(X) = 2x + 3%, WE REPLACE EVERY $x$ WITH 4, RESULTING IN $F(4) = 2(4) + 3 =8+ 3 =
11$. THIS PROCESS OF EVALUATION IS A FOUNDATIONAL SKILL IN WORKING WITH FUNCTIONS AND THEIR GRAPHICAL
REPRESENTATIONS.

UNDERSTANDING FUNCTION NOTATION ALSO EXTENDS TO SCENARIOS INVOLVING ALGEBRAIC EXPRESSIONS. FOR EXAMPLE, IF WE
HAVE A FUNCTION $G(x) = x"2 - 1%, THEN $6(A+1)$ WOULD INVOLVE SUBSTITUTING $(A+1)$ FOR EVERY $X$, YIELDING
$6(a+1)=(A+1)"2-1=(A"2+2a+ 1) - 1=A"2 + 2a%. THIS ABILITY TO WORK WITH SYMBOLIC INPUTS IS CRUCIAL
FOR MORE ADVANCED ALGEBRAIC MANIPULATIONS AND FOR UNDERSTANDING HOW FUNCTIONS BEHAVE UNDER VARIOUS
TRANSFORMATIONS.

THe VERTICAL LINE TEST

A CRITICAL TOOL FOR DETERMINING IF A GRAPH REPRESENTS A FUNCTION IS THE VERTICAL LINE TEST. IF ANY VERTICAL LINE CAN



INTERSECT THE GRAPH AT MORE THAN ONE POINT, THEN THE GRAPH DOES NOT REPRESENT A FUNCTION, AS THIS WOULD IMPLY
THAT A SINGLE INPUT HAS MULTIPLE OUTPUTS. CONVERSELYI IF EVERY VERTICAL LINE INTERSECTS THE GRAPH AT MOST ONCE,
IT PASSES THE VERTICAL LINE TEST AND IS INDEED THE GRAPH OF A FUNCTION.

THIS VISUAL TEST IS A DIRECT APPLICATION OF THE DEFINITION OF A FUNCTION. THE CONCEPT OF A FUNCTION HINGES ON THE
UNIQUENESS OF THE OUTPUT FOR EACH INPUT. THEREFORE, ANY GRAPHICAL REPRESENTATION THAT VIOLATES THIS PRINCIPLE,
SUCH AS A CIRCLE, CANNOT BE THE GRAPH OF A FUNCTION. MASTERING THE VERTICAL LINE TEST IS A QUICK AND EFFECTIVE WAY
TO ANALYZE GRAPHICAL REPRESENTATIONS OF MATHEMATICAL RELATIONSHIPS.

VISUALIZING RELATIONSHIPS: GRAPHING BASICS

GRAPHS ARE POWERFUL VISUAL AIDS THAT TRANSLATE ABSTRACT ALGEBRAIC EQUATIONS INTO TANGIBLE REPRESENTATIONS
OF RELATIONSHIPS. THE CARTESIAN COORDINATE SYSTEM, WITH ITS PERPENDICULAR X-AXIS AND Y-AXIS, PROVIDES THE
FRAMEWORK FOR PLOTTING POINTS AND CONSTRUCTING THESE VISUAL NARRATIVES. EACH POINT ON THE GRAPH CORRESPONDS
TO AN ORDERED PAIR $(X, Y)$, WHERE $X$ IS THE INPUT VALUE AND $Y$ IS THE OUTPUT VALUE, DIRECTLY ILLUSTRATING THE
FUNCTION'S BEHAVIOR.

THE PROCESS OF GRAPHING TYPICALLY INVOLVES SELECTING A SET OF INPUT VALUES, CALCULATING THEIR CORRESPONDING
OUTPUT VALUES USING THE FUNCTION'S RULE, AND THEN PLOTTING THESE $(X/ Y)$ PAIRS ON THE COORDINATE PLANE.
CONNECTING THESE POINTS WITH A SMOOTH CURVE OR A STRAIGHT LINE, DEPENDING ON THE FUNCTION TYPE, CREATES THE
VISUAL REPRESENTATION OF THE FUNCTION. THIS VISUAL REPRESENTATION ALLOWS FOR IMMEDIATE INSIGHTS INTO TRENDS,
PATTERNS, AND KEY FEATURES THAT MIGHT BE OBSCURED IN A PURELY ALGEBRAIC FORM.

PLOTTING PoINTS AND SKETCHING CURVES

THE FUNDAMENTAL STEP IN GRAPHING IS ACCURATELY PLOTTING POINTS. FOR A GIVEN FUNCTION, WE CAN CREATE A TABLE OF
VALUES, LISTING VARIOUS $X$-VALUES AND THEIR CORRESPONDING $F(X)$ OUTPUTS. FOR EXAMPLE, TO GRAPH $F(X) =

X" 2%, WE MIGHT CHOOSE $x$ VALUES LIKE -2, -1, 0, 1, AND 2. THE CORRESPONDING $F(x)$ vALUES woulpge 4, 1,0, 1,
AND 4, RESPECTIVELY. THeSE PARS (-2, 4), (-1, 1),(0, 0), (1, 1), AnD (2, 4) ARE THEN PLOTTED ON THE COORDINATE
PLANE.

ONCE THESE POINTS ARE PLOTTED, WE CONNECT THEM TO FORM THE GRAPH. THE SHAPE OF THE CURVE OR LINE DEPENDS
ENTIRELY ON THE NATURE OF THE FUNCTION. FOR $F(X) = XA2$, CONNECTING THESE POINTS REVEALS A PARABOLIC SHAPE. FOR
LINEAR FUNCTIONS, THE POINTS WILL LIE ON A STRAIGHT LINE. UNDERSTANDING THE TYPE OF FUNCTION IS CRUCIAL FOR
PREDICTING THE GENERAL SHAPE OF ITS GRAPH, EVEN BEFORE PLOTTING SPECIFIC POINTS.

UNDERSTANDING AXES AND QUADRANTS

THe CARTESIAN PLANE IS DIVIDED INTO FOUR QUADRANTS BY THE X-AXIS (HORIZONTAL) AND THE Y-AXIS (VERTICAL). THE X-
AXIS REPRESENTS THE DOMAIN, AND THE Y-AXIS REPRESENTS THE RANGE. QUADRANT | CONTAINS POINTS WITH POSITIVE X AND
Y VALUES, QUADRANT |l HAS NEGATIVE X AND POSITIVE Y, QUADRANT IIl HAS NEGATIVE X AND Y, AND QUADRANT |V HAS
POSITIVE X AND NEGATIVE Y. THE ORIGIN, WHERE THE AXES INTERSECT, IS THE POINT (O, 0).

THE PLACEMENT OF A POINT IN A SPECIFIC QUADRANT OR ON AN AXIS PROVIDES IMMEDIATE INFORMATION ABOUT THE SIGNS OF
ITS COORDINATES. THIS UNDERSTANDING IS ESSENTIAL FOR INTERPRETING THE BEHAVIOR OF A FUNCTION ACROSS DIFFERENT
INTERVALS OF ITS DOMAIN AND RANGE. FOR INSTANCE, A FUNCTION WHOSE GRAPH LIES ENTIRELY IN QUADRANT | AND IV WiILL
ONLY HAVE POSITIVE $X$ VALUES FOR WHICH IT IS DEFINED AND OUTPUTS WILL BE POSITIVE OR NEGATIVE DEPENDING ON THE
QUADRANT.

Key CHARACTERISTICS OF GRAPHS

BEYOND THE VISUAL SHAPE, SEVERAL KEY CHARACTERISTICS DEFINE A GRAPH AND REVEAL CRUCIAL INFORMATION ABOUT THE
UNDERLYING FUNCTION. THESE INCLUDE INTERCEPTS, SYMMETRY, DOMAIN, AND RANGE. ANALYZING THESE FEATURES PROVIDES A
DEEPER UNDERSTANDING OF THE FUNCTION'S BEHAVIOR AND ITS RELATIONSHIP TO THE COORDINATE SYSTEM. EACH
CHARACTERISTIC OFFERS A UNIQUE PERSPECTIVE ON THE FUNCTION'S PROPERTIES.



IDENTIFYING THESE CHARACTERISTICS IS NOT MERELY AN ACADEMIC EXERCISE, IT IS FUNDAMENTAL TO PROBLEM~SOLVING IN
VARIOUS FIELDS. FOR EXAMPLE, UNDERSTANDING INTERCEPTS CAN HELP DETERMINE BREAK-EVEN POINTS IN BUSINESS OR
EQUILIBRIUM POINTS IN ECONOMICS. SYMMETRY CAN SIMPLIFY COMPLEX CALCULATIONS AND REVEAL UNDERLYING PATTERNS.

INTERCEPTS: WHERE THE GRAPH MEETS THE AXES

INTERCEPTS ARE POINTS WHERE THE GRAPH CROSSES OR TOUCHES THE X-AXIS OR THE Y-AXIS. THE X-INTERCEPTS OCCUR WHEN
$v=0% (or $F(x)=0%), AND THE Y-INTERCEPT OCCURS WHEN $x=0%. THE Y-INTERCEPT IS UNIQUE FOR ANY FUNCTION
BECAUSE A FUNCTION CAN ONLY HAVE ONE OUTPUT FOR AN INPUT OF 0. HOWEVER, A FUNCTION CAN HAVE MULTIPLE X-
INTERCEPTS.

TO FIND THE X-INTERCEPTS OF A FUNCTION, WE SET $F(x) = 0% AND SOLVE FOR $x$. FOR EXAMPLE, IN THE FUNCTION $F(x) =
x"2 - 4%, SeTTING $F(x) = 0% GIVes $x"2 - 4 = 0%, WHICH FACTORS INTO $(x-2)(x+2) = 0%, YIELDING X-INTERCEPTS
AT $x=2% AND $x=-2%. THE Y-INTERCEPT IS FOUND BY CALCULATING $F(0)$: $F(0) = 0”2 - 4 = -4$, SO THE Y-INTERCEPT
Is -4. Trese poiNTs (-2, 0), (2, 0), Anp (0, -4) ARE SIGNIFICANT LANDMARKS ON THE GRAPH.

SYMMETRY: RerFLECTIVE PROPERTIES OF GRAPHS

SYMMETRY DESCRIBES WHETHER A GRAPH IS A MIRROR IMAGE ACROSS AN AXIS OR A POINT. THERE ARE THREE MAIN TYPES OF
SYMMETRY: SYMMETRY WITH RESPECT TO THE Y-AXIS (EVEN FUNCTION), SYMMETRY WITH RESPECT TO THE X-AXIS (NOT A
FUNCTION), AND SYMMETRY WITH RESPECT TO THE ORIGIN (ODD FUNCTION).

o SYMMETRY WITH RESPECT TO THE Y-AXIS (EVEN FUNCTION): A GRAPH IS SYMMETRIC WITH RESPECT TO THE Y-AXIS IF
FOR EVERY POINT $(X, Y)$ ON THE GRAPH, THE POINT $(-X, ¥)$ IS ALSO ON THE GRAPH. ALGEBRAICALLY, THIS MEANS
$r(-x) = F(x)$. AN EXAMPLE IS $F(X) = X" 2%, WHERE $F(-x) = (-x)"2 = x"2 = F(x)$.

o SYMMETRY WITH RESPECT TO THE ORIGIN (ODD FUNCTION): A GRAPH IS SYMMETRIC WITH RESPECT TO THE ORIGIN IF
FOR EVERY POINT $(X, Y)$ ON THE GRAPH, THE POINT $(-X, -Y)$ IS ALSO ON THE GRAPH. ALGEBRAICALLY, THIS MEANS
$r(-x) = -F(x)$. AN EXAMPLE IS $F(x) = x" 3%, WHERE $F(-x) = (-x)"3 = -x"3 = -F(x)$.

® SYMMETRY WITH RESPECT TO THE X-AXIS: W/HILE GRAPHS SYMMETRIC WITH RESPECT TO THE X-AXIS EXIST, THEY DO
NOT REPRESENT FUNCTIONS BECAUSE THEY FAIL THE VERTICAL LINE TEST.

DoMAIN AND RANGE: THE EXTENT OF A FUNCTION

THE DOMAIN OF A FUNCTION IS THE SET OF ALL POSSIBLE INPUT VALUES (X‘VALUES) FOR WHICH THE FUNCTION IS DEFINED. T HE
RANGE OF A FUNCTION IS THE SET OF ALL POSSIBLE OUTPUT VALUES (Y‘VALUES) THAT THE FUNCTION CAN PRODUCE. THESE
SETS ARE OFTEN EXPRESSED USING INTERVAL NOTATION.

CONSIDER THE FUNCTION $F(x) = \sQRT{x}$. THE SQUARE ROOT FUNCTION IS ONLY DEFINED FOR NON-NEGATIVE INPUTS.
THEREFORE, THE DOMAIN 1S $[0, \INFTY)$. THE OUTPUT OF THE SQUARE ROOT FUNCTION IS ALSO NON-NEGATIVE, SO THE
RANGE IS $[0, \INFTY)$. FOR A LINEAR FUNCTION LIKE $G(x) = 2x + 1%, THE DOMAIN IS ALL REAL NUMBERS $(-\INFTY,
\INFTY)$ BECAUSE YOU CAN PLUG ANY REAL NUMBER INTO $x$. SIMILARLY, THE RANGE IS ALSO ALL REAL NUMBERS $(-\INFTY,
\INFTY)$, AS THE LINE EXTENDS INFINITELY IN BOTH DIRECTIONS.

TYPES OF INTERMEDIATE ALGEBRA FUNCTIONS AND THEIR GRAPHS

INTERMEDIATE ALGEBRA COVERS A VARIETY OF FUNDAMENTAL FUNCTION TYPES, EACH WITH DISTINCT GRAPHICAL
CHARACTERISTICS. UNDERSTANDING THESE ARCHETYPES IS CRUCIAL FOR RECOGNIZING PATTERNS AND PREDICTING BEHAVIOR.
THESE FUNCTIONS SERVE AS BUILDING BLOCKS FOR MORE COMPLEX MATHEMATICAL MODELS.

FROM THE SIMPLEST LINEAR RELATIONSHIPS TO THE MORE INTRICATE CURVES OF EXPONENTIALS AND LOGARITHMS, EACH
FUNCTION FAMILY POSSESSES UNIQUE PROPERTIES THAT ARE VIVIDLY DISPLAYED IN THEIR GRAPHICAL REPRESENTATIONS.



MASTERING THESE TYPES ALLOWS FOR A MORE INTUITIVE UNDERSTANDING OF ALGEBRAIC CONCEPTS AND THEIR APPLICATIONS.

LINEAR FUNCTIONS: THE STRAIGHT AND NARROW PATH

LINEAR FUNCTIONS ARE CHARACTERIZED BY A CONSTANT RATE OF CHANGE, RESULTING IN A STRAIGHT-LINE GRAPH. THEIR
GENERAL FORM IS $F(X) = Mx + B$, WHERE $M$ IS THE SLOPE (THE RATE OF CHANGE) AND $B% IS THE Y-INTERCEPT (THE POINT
WHERE THE LINE CROSSES THE Y-AXIS). A POSITIVE SLOPE INDICATES A LINE THAT RISES FROM LEFT TO RIGHT, WHILE A
NEGATIVE SLOPE INDICATES A LINE THAT FALLS.

THE SLOPE $M$ CAN BE CALCULATED AS THE “RISE OVER RUN” BETWEEN ANY TWO POINTS ON THE LINE: $M = \FRAC{\DELTA
YH\DeLTa x} = \rrAc{y_2 - v_1}{x_2-x_13}%. THE Y-INTERCEPT $8% IS THE VALUE OF $r(x)$ WHEN $x=0%. For
EXAMPLE, THE FUNCTION $F(X) = -2x + 5% HAS A SLOPE OF -2 AND A Y-INTERCEPT OF 5. ITS GRAPH IS A STRAIGHT LINE
THAT DECREASES AS $X$ INCREASES AND CROSSES THE Y-AXIS AT (O, 5).

QUADRATIC FUNCTIONS: THE PARABOLIC EMBRACE

QUADRATIC FUNCTIONS HAVE THE GENERAL FORM $F(X) = AX"2 + BX + C$, WHERE $A \NEQ 0%. THEIR GRAPHS ARE
PARABOLAS, WHICH ARE U-SHAPED CURVES. THE SIGN OF THE COEFFICIENT $A% DETERMINES THE DIRECTION THE PARABOLA
OPENS: IF $A > 0%, THE PARABOLA OPENS UPWARD, FORMING A MINIMUM POINT CALLED THE VERTEX; IF $A < 0%, IT OPENS
DOWNWARD, FORMING A MAXIMUM POINT AT THE VERTEX.

THE VERTEX OF A PARABOLA CAN BE FOUND USING THE FORMULA $x = -\FRAC{B} 2A}$. ONCE THE X-COORDINATE OF THE
VERTEX IS FOUND, SUBSTITUTING IT BACK INTO THE FUNCTION GIVES THE Y-COORDINATE. FOR EXAMPLE, IN THE FUNCTION $F(x)
=x"2 - 6x + 8%, $a=1%, $8=-6%, AND $c=8%. THE X-COORDINATE OF THE VERTEX IS $x = -\rrAc{-63{2(1)} = 3%.
PLUGGING $x=3% INTO THE FUNCTION GIVES $F(3) = 372 - 6(3) + 8 =9 - 18 + 8 = -1$. THUS, THE VERTEX IS AT (3,
-1), AND SINCE $A=1% (POSITIVE), THE PARABOLA OPENS UPWARD.

ExPONENTIAL FUNCTIONS: GROWTH AND DECAY

EXPONENTIAL FUNCTIONS ARE OF THE FORM $F(X) = AB"X$, WHERE $A$ IS THE INITIAL VALUE AND $8% IS THE BASE (GROWTH
OR DECAY FACTOR), WITH $8 > 0% AND $8 \NEQ 1$. IF $8 > 1%, THE FUNCTION REPRESENTS EXPONENTIAL GROWTH, WITH THE
GRAPH INCREASING RAPIDLY AS $x$ INCREASES. IF $0 < B < 1%, IT REPRESENTS EXPONENTIAL DECAY, WITH THE GRAPH
DECREASING RAPIDLY AS $X$ DECREASES.

A KEY CHARACTERISTIC OF EXPONENTIAL FUNCTIONS IS THEIR HORIZONTAL ASYMPTOTE. FOR $F(X) = AB"X$, THE HORIZONTAL
ASYMPTOTE IS THE X-AXIS ($¥=0$%), MEANING THE GRAPH APPROACHES THE X-AXIS BUT NEVER TOUCHES OR CROSSES IT. FOR
EXAMPLE, $F(x) = 2(83)"x$ EXHIBITS EXPONENTIAL GROWTH. AS $X$ BECOMES VERY LARGE AND POSITIVE, $F(X)$ GROWS
VERY RAPIDLY. AS $X$ BECOMES VERY LARGE AND NEGATIVE (APPROACHING $-\INFTY$), $F(x)$ APPrROACHES O. THE Y-
INTERCEPT 1S FOUND BY $F(0) = AB"0 = A(1) = A%, so THE Y-INTERCEPT IS AT $(0, A)$.

LoGARITHMIC FUNCTIONS: THE INVERSE OF EXPONENTIAL GROWTH

LOGARITHMIC FUNCTIONS ARE THE INVERSE OF EXPONENTIAL FUNCTIONS. THEY ARE TYPICALLY WRITTEN AS $F(X) =
\LOG_B(X)$, WHERE $8% IS THE BASE OF THE LOGARITHM. THE GRAPH OF A LOGARITHMIC FUNCTION IS A REFLECTION OF ITS
CORRESPONDING EXPONENTIAL FUNCTION ACROSS THE LINE $Y=x%. LOGARITHMIC FUNCTIONS HAVE A VERTICAL ASYMPTOTE.

For $F(x) = \LoG_B(x)$, THE VERTICAL ASYMPTOTE IS THE Y-AXIS ($x=0%). THE DOMAIN OF A LOGARITHMIC FUNCTION IS
RESTRICTED TO POSITIVE VALUES, SO IT 1S $(0, \INFTY)$. THE RANGE, HOWEVER, IS ALL REAL NUMBERS $(-\INFTY, \INFTY)$.
For INSTANCE, $F(x) = \LoG_2(x)$ IS THE INVERSE OF $6(x) = 2" x$. IF $6(x)$ PASSES THROUGH (3, 8), THEN $F(X)$
WILL PASS THROUGH (8, 3). THE LOGARITHMIC FUNCTION WILL APPROACH THE Y-AXIS ($x=0%) AS ITS OUTPUT BECOMES
INCREASINGLY NEGATIVE.



TRANSFORMATIONS OF FUNCTIONS

TRANSFORMATIONS ALLOW US TO MODIFY THE GRAPHS OF PARENT FUNCTIONS TO OBTAIN THE GRAPHS OF MORE COMPLEX
FUNCTIONS. THESE TRANSFORMATIONS INCLUDE TRANSLATIONS (SHIFTS), REFLECTIONS, STRETCHES, AND COMPRESSIONS.
UNDERSTANDING HOW THESE OPERATIONS AFFECT THE GRAPH IS CRUCIAL FOR ACCURATE VISUALIZATION AND ANALYSIS.

EACH TYPE OF TRANSFORMATION HAS A SPECIFIC EFFECT ON THE FUNCTION'S EQUATION AND, CONSEQUENTLY, ON ITS GRAPH.
BY APPLYING THESE RULES SYSTEMATICALLY, WE CAN ACCURATELY SKETCH THE GRAPH OF A TRANSFORMED FUNCTION BASED
ON THE KNOWN GRAPH OF ITS PARENT FUNCTION. THIS MAKES COMPLEX FUNCTION GRAPHING MANAGEABLE.

VERTICAL AND HORIZONTAL TRANSLATIONS

A VERTICAL TRANSLATION SHIFTS THE GRAPH UP OR DOWN. IF WE HAVE A FUNCTION $F(x)$, THEN $F(X) + k$ SHIFTS THE
GRAPH UP BY $k$ UNITS (IF $k > 0%) or DownN BY $k|$ UNITS (IF $k < 0%). A HORIZONTAL TRANSLATION SHIFTS THE GRAPH
LEFT OR RIGHT. FOR A FUNCTION $F(X)$, THE GRAPH OF $F(X-H)$ SHIFTS THE GRAPH TO THE RIGHT BY $H$ UNITS (IF $H > 0%)
OR TO THE LEFT BY $[HI$ uniTS (IF $H < 0%). NOTE THE SIGN CHANGE IN THE ARGUMENT OF THE FUNCTION FOR HORIZONTAL
SHIFTS.

FOR EXAMPLE, CONSIDER THE PARENT FUNCTION $F(x) = X" 2%. THE GRAPH OF $G(x) = X2 + 3% Is THE GRAPH OF $F(x)$
SHIFTED 3 UNITS UPWARD. THE GRAPH OF $H(X) = (x-2)"2% IS THE GRAPH OF $F(X)$ SHIFTED 2 UNITS TO THE RIGHT. THE
GRAPH OF $k(x) = (x+1)"2 - 4% 15 THE GRAPH OF $F(X)$ SHIFTED 1 UNIT TO THE LEFT AND 4 UNITS DOWN.

REFLECTIONS AND STRETCHES/ COMPRESSIONS

REFLECTIONS FLIP THE GRAPH ACROSS AN AXIS. A REFLECTION ACROSS THE X~AXIS OCCURS WHEN WE NEGATE THE ENTIRE
FUNCTION, RESULTING IN $-F(x)$. A REFLECTION ACROSS THE Y-AXIS OCCURS WHEN WE REPLACE $X$ WITH $-X$, RESULTING
IN $F(-x)$. VERTICAL STRETCHES AND COMPRESSIONS ALTER THE HEIGHT OF THE GRAPH. MULTIPLYING THE FUNCTION BY A
CONSTANT $A$, AS IN $AF(X)$, STRETCHES THE GRAPH VERTICALLY IF $|al > 1% AND comPresSES IT IF $0 < |al < 1%. IF $A%
IS NEGATIVE, A REFLECTION IS ALSO INVOLVED.

HORIZONTAL STRETCHES AND COMPRESSIONS AFFECT THE WIDTH OF THE GRAPH. REPLACING $x$ WITH $8X$ IN THE FUNCTION,
AS IN $F(BX)$, STRETCHES THE GRAPH HORIZONTALLY IF $0 < [8] < 1$ AND COMPRESSES IT IF $[8| > 1$. FOR EXAMPLE, THE
GRAPH OF $G(x) = -x"2% IS A REFLECTION OF $F(X) = x"2$% ACROSS THE X-AXIS. THE GRAPH OF $H(X) = 2x"2% IS A
VERTICAL STRETCH OF $F(x) = X" 2%, MAKING IT NARROWER. THE GRAPH OF $Kk(x) = F(\rrRAC{ 1}{2}x) =
(\rrAc{13{23x)"2 = \rrAc{ TH4}x" 2% IS A HORIZONTAL STRETCH OF $F(X) = X" 2%, MAKING IT WIDER.

INVERSE FUNCTIONS

AN INVERSE FUNCTION “UNDOES” THE OPERATION OF ANOTHER FUNCTION. [F A FUNCTION $F$ MAPS $X$ TO $Y$, ITS INVERSE
FUNCTION, DENOTED AS $F"{-1}$, MAPS $v$ BACK TO $x$. FOR A FUNCTION TO HAVE AN INVERSE, IT MUST BE ONE-TO-ONE,
MEANING EACH OUTPUT CORRESPONDS TO A UNIQUE INPUT. THE GRAPHS OF A FUNCTION AND ITS INVERSE ARE REFLECTIONS OF
EACH OTHER ACROSS THE LINE $Y=X$. THIS REFLECTION PROPERTY IS A DIRECT CONSEQUENCE OF THE DEFINITION OF AN INVERSE
FUNCTION.

FINDING THE INVERSE FUNCTION INVOLVES A SYSTEMATIC PROCEDURE. WE START WITH THE FUNCTION'S EQUATION, SWAP THE
ROLES OF $x% AND $Y$, AND THEN SOLVE FOR THE NEW $Y$. THIS PROCESS VISUALLY HIGHLIGHTS THE SYMMETRY BETWEEN A
FUNCTION AND ITS INVERSE, PROVIDING A GEOMETRIC INTERPRETATION OF THEIR RELATIONSHIP.

FINDING THE INVERSE FUNCTION ALGEBRAICALLY

TO FIND THE INVERSE OF A FUNCTION $F(X)$ ALGEBRAICALLY, FOLLOW THESE STEPS:

1. RepLACE $F(x)$ wWiITH $Y$.

2. SwaAP $x$ AND $Y$.



3. SOLVE THE NEW EQUATION FOR $Y$.

4. RepLACE $v$ wiTH $F°{-13(x)$.

FOR EXAMPLE, LET'S FIND THE INVERSE OF $F(x) = 3x - 6%.
Step 1: $v = 3x - 68.

STep 2: $x = 3v - 6%.

STEP 3: SOLVE FOR $Y$:

$x + 6=23v%

$v = \rrAac{x+63}{3}$.

Ster 4: $F7°{-13(x) = \rrac{x+63{33$.

THE DOMAIN OF THE ORIGINAL FUNCTION $F(X)$ BECOMES THE RANGE OF ITS INVERSE $F"{-13(x)$, AND THE RANGE OF $F(x)$
BECOMES THE DOMAIN OF $F{-13}(x)$. THIS RECIPROCAL RELATIONSHIP IS A FUNDAMENTAL PROPERTY OF INVERSE FUNCTIONS
AND IS CLEARLY OBSERVABLE WHEN COMPARING THEIR GRAPHICAL REPRESENTATIONS.

THe GRAPHICAL RELATIONSHIP BETWEEN A FUNCTION AND ITS INVERSE

THE GRAPHS OF A FUNCTION $F(X)$ AND ITS INVERSE $F"{- 13(x)$ ARE REFLECTIONS OF EACH OTHER ACROSS THE LINE $Y =
x$. THIS 1S BECAUSE IF $(A, B)$ IS A POINT ON THE GRAPH OF $F(X)$, THEN BY DEFINITION, $F(A) = B$. CONSEQUENTLY, THE
INVERSE FUNCTION MUST MAP $8% BACK TO $A$, MEANING $F™{-1}(B) = A$. THEREFORE, THE POINT $(8, A)$ LIES ON THE
GRAPH OF $F™{- 13(x)$. THE TRANSFORMATION FROM $(A, B)$ TO $(B, A)$ IS PRECISELY A REFLECTION ACROSS THE LINE $v
= x$.

THIS GEOMETRIC PROPERTY OFFERS A POWERFUL VISUAL CHECK WHEN DETERMINING OR GRAPHING INVERSE FUNCTIONS. IF YOU
CAN PLOT BOTH $F(x)$ AND $F"{-13(x)$ ON THE SAME COORDINATE PLANE, YOU SHOULD OBSERVE THIS SYMMETRIC
RELATIONSHIP. IF THE GRAPHS ARE NOT REFLECTIONS OF EACH OTHER ACROSS $Y=x$, THEN EITHER THE INVERSE WAS NOT
CALCULATED CORRECTLY, OR THE ORIGINAL FUNCTION WAS NOT ONE-TO-ONE AND THUS DOES NOT POSSESS A TRUE INVERSE IN
THE STANDARD SENSE. UNDERSTANDING THIS GRAPHICAL CONNECTION SOLIDIFIES THE ABSTRACT CONCEPT OF INVERSION INTO A
TANGIBLE VISUAL FORM.

THe RoLE oF THE ONE-TO-ONE PROPERTY

A FUNCTION MUST BE ONE-TO-ONE TO HAVE AN INVERSE FUNCTION. A FUNCTION IS ONE-TO-ONE IF EACH OUTPUT VALUE
CORRESPONDS TO EXACTLY ONE INPUT VALUE. THIS MEANS THE FUNCTION PASSES THE HORIZONTAL LINE TEST: ANY
HORIZONTAL LINE DRAWN ACROSS THE GRAPH INTERSECTS THE GRAPH AT MOST ONCE. |F A FUNCTION IS NOT ONE-TO-ONE, WE
CAN SOMETIMES RESTRICT ITS DOMAIN TO CREATE A ONE-TO~-ONE FUNCTION AND THEN FIND ITS INVERSE.

FOR EXAMPLE, THE QUADRATIC FUNCTION $F(x) = X" 2% IS NOT ONE-TO-ONE BECAUSE, FOR INSTANCE, $F(2) = 4$ AND
$r(-2) = 4$. BOTH INPUTS 2 AND -2 PRODUCE THE SAME OUTPUT 4. THIS FAILS THE HORIZONTAL LINE TEST. HOWEVER, IF WE
RESTRICT THE DOMAIN TO $x \GE 0%, WE GET THE FUNCTION $F(x) = X" 2% wITH DOMAIN $[0, \INFTY)$, WHICH IS ONE-TO-
ONE. I TS INVERSE 1S $F"{-13(x) = \sQrT{x}$. CONVERSELY, IF WE RESTRICT THE DOMAIN TO $x \LE 0%, THE INVERSE WOULD
B $F"{-13(x) = -\sQrT{x}$. THIS ILLUSTRATES HOW CAREFUL CONSIDERATION OF DOMAIN IS VITAL WHEN WORKING WITH
INVERSE FUNCTIONS.

FAQ

Q: WHAT IS THE PRIMARY PURPOSE OF GRAPHING FUNCTIONS IN INTERMEDIATE
ALGEBRA?P

A: THE PRIMARY PURPOSE OF GRAPHING FUNCTIONS IN INTERMEDIATE ALGEBRA IS TO VISUALLY REPRESENT THE RELATIONSHIP
BETWEEN INPUT AND OUTPUT VALUES, MAKING ABSTRACT MATHEMATICAL CONCEPTS MORE CONCRETE AND UNDERSTANDABLE.
GRAPHS HELP IN IDENTIFYING PATTERNS, TRENDS, KEY FEATURES LIKE INTERCEPTS AND VERTICES, AND THE OVERALL BEHAVIOR OF
THE FUNCTION, WHICH CAN BE DIFFICULT TO DISCERN FROM THE ALGEBRAIC FORM ALONE.



QI How DOES THE SLOPE OF A LINEAR FUNCTION AFFECT ITS GRAPH?

A: THE SLOPE OF A LINEAR FUNCTION, REPRESENTED BY $M%$ IN THE EQUATION $F(X) =MX + B$/ DETERMINES THE STEEPNESS
AND DIRECTION OF THE LINE. A POSITIVE SLOPE INDICATES THAT THE LINE RISES FROM LEFT TO RIGHT, MEANING AS THE INPUT
INCREASES, THE OUTPUT ALSO INCREASES. A NEGATIVE SLOPE INDICATES THAT THE LINE FALLS FROM LEFT TO RIGHT, MEANING
AS THE INPUT INCREASES, THE OUTPUT DECREASES. THE LARGER THE ABSOLUTE VALUE OF THE SLOPE, THE STEEPER THE LINE.

Q: WHAT IS THE VERTEX OF A PARABOLA, AND WHY IS IT IMPORTANT IN QUADRATIC
FUNCTIONS?

A: THE VERTEX OF A PARABOLA IS ITS HIGHEST OR LOWEST POINT. FOR QUADRATIC FUNCTIONS OF THE FORM $F(x) = AX"2 +
BX + C$, IF $A > 0%, THE PARABOLA OPENS UPWARD AND THE VERTEX IS A MINIMUM POINT. IF $A < 0%, THE PARABOLA OPENS
DOWNWARD AND THE VERTEX IS A MAXIMUM POINT. THE VERTEX IS CRUCIAL BECAUSE IT REPRESENTS THE EXTREME VALUE OF
THE QUADRATIC FUNCTION AND IS A KEY FEATURE FOR UNDERSTANDING THE FUNCTION'S RANGE AND ITS APPLICATIONS, SUCH AS
FINDING MAXIMUM OR MINIMUM VALUES IN REAL-WORLD PROBLEMS.

QZ How CAN | IDENTIFY AN EXPONENTIAL FUNCTION FROM ITS GRAPH?

A: AN EXPONENTIAL FUNCTION'S GRAPH IS CHARACTERIZED BY A CURVE THAT EITHER INCREASES OR DECREASES RAPIDLY. IF THE
BASE $8 > 1%, IT SHOWS EXPONENTIAL GROWTH, WHERE THE GRAPH GETS STEEPER AS $x%$ INCREASES. IF$0 <B < 1%, 1T
SHOWS EXPONENTIAL DECAY, WHERE THE GRAPH GETS STEEPER AS $X$ DECREASES TOWARDS $-\INFTY$. EXPONENTIAL GRAPHS
ALSO HAVE A HORIZONTAL ASYMPTOTE, MEANING THEY APPROACH A SPECIFIC Y-VALUE (OFTEN $v=0%) WITHOUT EVER
REACHING IT.

Q: WHAT DOES IT MEAN FOR A FUNCTION TO BE “ONE-TO-ONE,” AND WHY IS IT
IMPORTANT FOR INVERSE FUNCTIONS?

A: A FUNCTION IS " ONE-TO-ONE” IF EACH OUTPUT VALUE CORRESPONDS TO EXACTLY ONE UNIQUE INPUT VALUE. THIS MEANS
THAT NO TWO DIFFERENT INPUTS PRODUCE THE SAME OUTPUT. THIS PROPERTY IS ESSENTIAL FOR A FUNCTION TO HAVE AN
INVERSE BECAUSE THE INVERSE FUNCTION MUST MAP EACH OUTPUT BACK TO ITS UNIQUE ORIGINAL INPUT. |[F A FUNCTION IS NOT
ONE-TO-ONE, IT FAILS THE HORIZONTAL LINE TEST, AND ITS INVERSE WOULD NOT BE A FUNCTION ITSELF.

Q: HOW DO TRANSFORMATIONS LIKE SHIFTS AND STRETCHES CHANGE THE GRAPH OF A
FUNCTION?P

A: TRANSFORMATIONS ALTER THE POSITION AND SHAPE OF A FUNCTION'S GRAPH. VERTICAL SHIFTS (ADDING A CONSTANT TO
$r(x)$) MOVE THE GRAPH UP OR DOWN. HORIZONTAL SHIFTS (REPLACING $x$ WITH $x-H$ IN $F(X)$) MOVE THE GRAPH LEFT
OR RIGHT. VERTICAL STRETCHES/COMPRESSIONS (MULTIPLYING $F(X)$ BY A CONSTANT $A$) MAKE THE GRAPH
TALLER/SHORTER. HORIZONTAL STRETCHES/COMPRESSIONS (REPLACING $X$ WITH $8X$ IN $F(X)$) MAKE THE GRAPH
WIDER/NARROWER. REFLECTIONS (NEGATING $F(X)$ OR $X$) FLIP THE GRAPH ACROSS AN AXIS.

QI CAN ANY FUNCTION BE GRAPHED ON THE CARTESIAN COORDINATE SYSTEM?

A: YES, ANY FUNCTION THAT CAN BE EXPRESSED WITH REAL NUMBER INPUTS AND REAL NUMBER OUTPUTS CAN BE REPRESENTED
ON THE CARTESIAN COORDINATE SYSTEM. THE SYSTEM PROVIDES A FRAMEWORK FOR PLOTTING PAIRS OF $(X, Y)$ VALUES
THAT SATISFY THE FUNCTION'S RULE, ALLOWING FOR A VISUAL INTERPRETATION OF THE FUNCTION'S BEHAVIOR. THE CHALLENGE
LIES IN ACCURATELY DETERMINING AND PLOTTING SUFFICIENT POINTS TO UNDERSTAND THE FUNCTION'S SHAPE AND
CHARACTERISTICS.



Q: WHAT IS THE SIGNIFICANCE OF THE DOMAIN AND RANGE WHEN ANALYZING FUNCTION
GRAPHS?

A: THE DOMAIN REPRESENTS ALL POSSIBLE INPUT VALUES FOR WHICH THE FUNCTION IS DEFINED, AND IT CORRESPONDS TO THE
HORIZONTAL EXTENT OF THE GRAPH. THE RANGE REPRESENTS ALL POSSIBLE OUTPUT VALUES THE FUNCTION CAN PRODUCE, AND
IT CORRESPONDS TO THE VERTICAL EXTENT OF THE GRAPH. UNDERSTANDING THE DOMAIN AND RANGE IS CRUCIAL FOR
INTERPRETING A FUNCTION'S BEHAVIOR, IDENTIFYING ITS LIMITATIONS, AND APPLYING IT TO REAL~WORLD SCENARIOS WHERE
INPUTS OR OUTPUTS MIGHT BE RESTRICTED.
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