fundamental theorem of calculus chain rule

The fundamental theorem of calculus chain rule is a cornerstone concept in calculus that links
the concept of differentiation with that of integration. Understanding this theorem is essential for
anyone delving into advanced calculus or mathematical analysis. The chain rule itself is a vital tool in
differentiation, allowing mathematicians and scientists to compute derivatives of composite
functions efficiently. This article will explore the fundamental theorem of calculus, the chain rule,
and their interrelation, while providing examples and applications to enhance understanding.

Understanding the Fundamental Theorem of Calculus

The fundamental theorem of calculus consists of two main parts that connect the concept of
differentiation and integration. These parts can be summarized as follows:

Part 1: The Relationship Between Derivatives and Integrals

The first part of the fundamental theorem states that if \( f\) is a continuous real-valued function
defined on an interval \([a, b]\), and \( F\) is an antiderivative of \( f\) on that interval, then:

\[
\int a”b f(x) \, dx = F(b) - F(a)
\]

This theorem implies that integration can be used to calculate the area under the curve of a function
by evaluating the antiderivative at the endpoints of the interval.

Part 2: The Derivative of an Integral

The second part of the fundamental theorem states that if \( f\) is continuous on an interval \([a, b]\),
then the function \( F \) defined by:

\[
F(x) = \int a~x f(t) \, dt
\]

is differentiable on \( (a, b) \), and its derivative is given by:

\[
F'(x) = f(x)
\]

This part establishes that differentiation and integration are inverse operations.



The Chain Rule in Differentiation

The chain rule is a crucial concept in calculus that allows for the differentiation of composite
functions. It states that if \( g(x) \) is a function of \( x\) and \( f(g) \) is a function of \( g \), then the
derivative of the composite function \( f(g(x)) \) is given by:

\[
\frac{d}{dx} f(g(x)) = f'(g(x)) \cdot g'(x)
\]

This rule can be thought of as breaking down the process of differentiation into manageable parts,
where you differentiate the outer function and multiply it by the derivative of the inner function.

The Interrelation of the Fundamental Theorem of
Calculus and the Chain Rule

At first glance, the fundamental theorem of calculus and the chain rule may appear to be separate
concepts. However, they are intrinsically related, particularly when evaluating integrals of
composite functions. The chain rule comes into play when we need to find the derivative of an
integral that involves a function of another function.

Applying the Chain Rule in the Context of the Fundamental
Theorem

To illustrate the relationship between the fundamental theorem of calculus and the chain rule,
consider the following integral:

\[
F(x) =\int a~{g(x)} f(t) \, dt
\]

To differentiate \( F(x) \) with respect to \( x \), we can apply the fundamental theorem of calculus
alongside the chain rule. By the fundamental theorem, we know that:

\[
F'(x) = f(g(x)) \cdot g'(x)
\]

This equation demonstrates how the chain rule allows us to differentiate an integral that has a
variable limit of integration. Here’s a step-by-step breakdown of the process:

1. Identify the Outer Function: In this case, the outer function is \( f(g) \), where \( g(x) \) is the inner
function.

2. Differentiate the Outer Function: We calculate \( f'(g(x)) \).

3. Differentiate the Inner Function: We calculate \( g'(x) \).



4. Combine the Results: Using the chain rule, we multiply the derivative of the outer function by the
derivative of the inner function.

Example of the Fundamental Theorem of Calculus and
Chain Rule

Let’s take a practical example to illustrate the application of both the fundamental theorem of
calculus and the chain rule.

Consider the function:

\[
F(x) =\int 0~ {x"2} \sin(t) \, dt
\]

To find \( F'(x) \):

1. Identify the Inner Function: Here, \( g(x) = x"2\).
2. Apply the Fundamental Theorem of Calculus: We know that:

\[
F'(x) = \sin(g(x)) \cdot g'(x)
\]

3. Differentiate \( g(x) \): The derivative of \( g(x) = x~2\) is\( g'(x) = 2x\).
4. Combine the Results: Therefore,

\[
F'(x) = \sin(x"2) \cdot 2x
\]

This example clearly shows how the chain rule is integral to differentiating functions defined by
integrals with variable limits.

Applications of the Fundamental Theorem of Calculus
and Chain Rule

The interplay between the fundamental theorem of calculus and the chain rule extends far beyond
mere academic exercises; it has practical applications in various fields:

e Physics: Calculating displacement, velocity, and acceleration when dealing with variable
forces.

¢ Engineering: Analyzing systems where changes in one variable affect others, such as in



control systems and signal processing.

e Economics: Modeling changes in cost and revenue functions over time, particularly in
relation to supply and demand dynamics.

» Biology: Understanding rates of change in populations or concentrations of substances in
chemical reactions.

Conclusion

The fundamental theorem of calculus and the chain rule are interconnected concepts that form the
foundation of calculus. Together, they provide powerful tools for understanding and solving complex
mathematical problems involving rates of change and accumulation. By recognizing how these
concepts work together, students and professionals alike can deepen their understanding of calculus
and enhance their problem-solving skills. Whether in theoretical mathematics or practical
applications, mastering the fundamental theorem of calculus and the chain rule is essential for
success in various fields of study and work.

Frequently Asked Questions

What is the Fundamental Theorem of Calculus?

The Fundamental Theorem of Calculus connects differentiation and integration, stating that if F is
an antiderivative of f on an interval [a, b], then the integral of f from a to b is F(b) - F(a).

How does the chain rule apply to the Fundamental Theorem of
Calculus?

The chain rule is used in the Fundamental Theorem of Calculus when evaluating integrals of
composite functions, allowing us to differentiate the outer function while multiplying by the
derivative of the inner function.

What is the significance of the Fundamental Theorem of
Calculus in real-world applications?

The Fundamental Theorem of Calculus is crucial in real-world applications because it allows us to
compute accumulated quantities, such as area under curves, total distance from velocity, and more,
by linking rates of change with total quantities.

Can you provide an example of using the chain rule with the



Fundamental Theorem of Calculus?

Sure! If you have an integral like [(sin(t~2)) dt from O to x, you can use the chain rule to find the
derivative with respect to x, which would be sin(x”~2) 2x according to the chain rule.

What are the two parts of the Fundamental Theorem of
Calculus?

The two parts are: Part 1 states that if a function is continuous on [a, b], then the integral of the
function can be expressed using its antiderivative. Part 2 states that the derivative of the integral
function is the original function itself.

How do you determine the antiderivative when using the chain
rule with the Fundamental Theorem?

To determine the antiderivative when using the chain rule, identify the outer and inner functions,
apply the chain rule appropriately, and ensure to include the constant of integration after finding the
antiderivative.

What common mistakes should be avoided when applying the
chain rule in calculus?

Common mistakes include forgetting to multiply by the derivative of the inner function,
misidentifying the outer and inner functions, and neglecting to apply the limits of integration
correctly when using the Fundamental Theorem of Calculus.

How does the Fundamental Theorem of Calculus simplify the
process of finding areas under curves?

The Fundamental Theorem of Calculus simplifies finding areas under curves by allowing us to use
antiderivatives instead of Riemann sums, providing a quicker and more efficient way to compute
definite integrals.
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