fundamental theorem of algebra
examples

The Fundamental Theorem of Algebra is a cornerstone of complex analysis and
algebra, stating that every non-constant polynomial function with complex
coefficients has at least one complex root. This theorem not only underpins
much of algebra but also has profound implications in various fields of
mathematics, including calculus, number theory, and applied mathematics. In
this article, we will explore the fundamental theorem of algebra, its proof,
its significance, and several examples that illustrate its application.

Understanding the Fundamental Theorem of
Algebra

The fundamental theorem of algebra can be stated formally as follows:

- Let \( P(z) \) be a non-constant polynomial of degree \( n \) expressed as:
\ [

P(z) =anz*n + a {n-1} z*{n-1} + \ldots + a 1 z + a 0

\1]

where \( a n, a {n-1}, \ldots, a 0 \) are complex coefficients and \( a n
\neq 0 \). Then, \( P(z) \) has exactly \( n \) complex roots (counting
multiplicities).

This theorem implies that if you have a polynomial of degree \( n \), you can
expect to find \( n \) roots in the complex number system. These roots may be
real numbers, complex numbers, or a combination of both.

Proof of the Fundamental Theorem of Algebra

The proof of the fundamental theorem of algebra is not trivial and can be
approached in several ways. Here are some of the most common methods:

1. Algebraic Proof

One of the simplest proofs involves demonstrating that a polynomial function
approaches infinity as \( z \) approaches infinity. Here’s a brief outline of
this proof:

- Consider the polynomial \( P(z) \) as defined above.
- As \( |z| \) becomes very large, the term \( a n z”"n \) dominates the
polynomial.



- Hence, \( P(z) \) tends to infinity as \( |z| \) goes to infinity.
- By continuity, the polynomial must cross the horizontal axis at least once,
indicating at least one root.

2. Topological Proof

Another approach uses concepts from topology:

- It uses the argument principle and contours in the complex plane.

- By considering a closed contour and the winding number around the roots,
one can show that the number of zeros inside a contour equals the degree of
the polynomial.

3. Complex Analysis Proof

Complex analysis offers powerful tools for proving the theorem:

- By applying Liouville's Theorem, which states that a bounded entire
function must be constant, one can derive the existence of roots.

- The proof entails showing that if a polynomial had no roots, it would
create a bounded function, contradicting Liouville's Theorem.

Each of these proofs highlights the deep interconnections between algebra,
calculus, and complex analysis.

Examples of the Fundamental Theorem of Algebra

To better understand the application of the fundamental theorem of algebra,
let’'s explore several examples.

Example 1: Quadratic Polynomial

Consider the quadratic polynomial:
\ [

P(z) =272 +2z +1

\1]

To find the roots, we can factor the polynomial:

\ [
P(z) = (z + 1)"2
\1]

Setting \( P(z) = 0 \) gives:



\[
(z + 1)72 = 0 \implies z = -1
\1

In this case, there is one unique root \( z = -1 \) with a multiplicity of 2.
Therefore, the theorem holds, as a polynomial of degree 2 has exactly 2 roots
(counting multiplicities).

Example 2: Cubic Polynomial

Now, let us consider a cubic polynomial:
\ [

P(z) = z°3 - 6272 + 11z - 6

\1]

To find the roots, we can apply synthetic division or the Rational Root
Theorem. Testing \( z =1 \):

\ [

P(1) =1-6+11 - 6 =0

\1

So, \( z=1\) is a root. Performing synthetic division by \( z - 1 \):

\ [
P(z) = (z - 1)(z°2 - 5z + 6)

\1]

Factoring the quadratic gives:
\ [

(z - 1)(z - 2)(z - 3)

\1]

Thus, the roots of the cubic polynomial are \( z =1, 2, 3 \). The polynomial
of degree 3 has exactly 3 roots, confirming the theorem.

Example 3: Quartic Polynomial

Consider the quartic polynomial:
\ [

P(z) = z74 + 42”3 + 6272 + 4z + 1
\1

This can be rewritten as:

\ [
P(z) = (z + 1)™4
\1

Setting \( P(z) = 0 \):



\[
(z + 1)"4 = 0 \implies z = -1
\1

Here, the polynomial has a root \( z = -1 \) with a multiplicity of 4. Thus,
it confirms that a polynomial of degree 4 has 4 roots (counting
multiplicities).

Example 4: Higher Degree Polynomial

Let’s consider a polynomial of degree 5:

\ [

P(z) = z°5 - 524 + 10z"3 - 10z"2 + 5z - 1
\1]

Using numerical methods or graphing calculators, we find that the roots are
approximately:
- \( z 1 \approx 1 \)

- \( z 2 \approx 1 + i \)
- \( z 3 \approx 1 - i\)
- \( z 4 \approx -1\)

- \( z_5 \approx 0 \)

In this case, we find 5 roots, consistent with the degree of the polynomial.

Significance of the Fundamental Theorem of
Algebra

The fundamental theorem of algebra holds significant importance in various
areas:

- Roots of Polynomials: It guarantees the existence of roots, which are
essential in solving polynomial equations.

- Complex Analysis: The theorem is foundational for many results in complex
analysis, including contour integration and residue calculus.

- Numerical Methods: In computational mathematics, understanding the roots of
polynomials is crucial for algorithms that require polynomial interpolation
or approximation.

- Field Theory: The theorem lays the groundwork for further exploration in
field theory, particularly in the study of algebraic closures.

Conclusion

The fundamental theorem of algebra is a powerful and essential result in



mathematics that assures us of the existence of roots for polynomial
functions. Its implications and applications are vast, influencing numerous
areas of mathematics and related fields. Through the examples explored, we
see how this theorem manifests in various polynomial equations, reinforcing
its importance in both theoretical and practical mathematics. Understanding
this theorem not only equips students with the tools to solve polynomial
equations but also opens doors to deeper mathematical concepts and theories.

Frequently Asked Questions

What is the fundamental theorem of algebra?

The fundamental theorem of algebra states that every non-constant polynomial
equation with complex coefficients has as many roots as its degree, counting
multiplicities. For example, a polynomial of degree 3 will have 3 roots in
the complex number system.

Can you provide an example of a polynomial and its
roots as per the fundamental theorem of algebra?

Consider the polynomial f(x) = x*3 - 6x”2 + 11x - 6. According to the
fundamental theorem of algebra, it has 3 roots. The roots are x =1, x = 2,
and x = 3.

How does the fundamental theorem of algebra apply to
quadratic equations?

For a quadratic equation like f(x) = x*2 - 4, which is of degree 2, the
fundamental theorem of algebra guarantees 2 roots. In this case, the roots
are x = 2 and x = -2.

What are complex roots in the context of the
fundamental theorem of algebra?

Complex roots occur when a polynomial has no real roots. For example, the
polynomial f(x) = x*2 + 1 has 2 complex roots: x = 1i and x = -1, where i is
the imaginary unit.

Can the roots of a polynomial be repeated according
to the fundamental theorem of algebra?

Yes, the roots can be repeated. For example, the polynomial f(x) = (x - 2)"2
has a degree of 2 and has a repeated root at x = 2, counted with multiplicity
2.



What is an example of a polynomial with irrational
roots under the fundamental theorem of algebra?

An example of a polynomial with irrational roots is f(x) = x®2 - 2. This
polynomial has 2 roots: x = V2 and x = -v2, which are both irrational.

How do synthetic division and the fundamental
theorem of algebra relate?

Synthetic division is a method used to find roots of polynomials. Once a root
is found, the polynomial can be divided by (x - root) to reduce its degree,
helping to find all roots as guaranteed by the fundamental theorem of
algebra.

What is the significance of the degree of a
polynomial in relation to the fundamental theorem of
algebra?

The degree of a polynomial determines the maximum number of roots it can
have. For example, a polynomial of degree 4 can have up to 4 roots in the
complex number system, as stated by the fundamental theorem of algebra.
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