
find the explicit general solution to the following
differential equation

Find the explicit general solution to the following differential equation is a challenge that many students and
professionals in mathematics and engineering face throughout their studies and careers. Differential equations
serve as fundamental tools in modeling a wide array of real-world phenomena, from physics to finance. In this
article, we will explore the intricate process of deriving the explicit general solution to a specific type of
differential equation, breaking down the steps and methodologies involved.

Understanding Differential Equations

Differential equations are mathematical equations that involve derivatives of a function. They are crucial for
describing various dynamic systems and can be classified into several categories based on their order, linearity,
and homogeneity.

Types of Differential Equations

1. Ordinary Differential Equations (ODEs): These involve functions of a single variable and their derivatives.
2. Partial Differential Equations (PDEs): These involve functions of multiple variables and their partial
derivatives.
3. Linear vs. Nonlinear: Linear equations can be expressed in a linear form, while nonlinear equations cannot.
4. Homogeneous vs. Nonhomogeneous: Homogeneous equations can be set to zero, while nonhomogeneous
equations include a non-zero term.

Importance of Finding Solutions

The primary goal of solving differential equations is to find the unknown function that satisfies the equation,
which can be pivotal in various applications:

- Physics: Modeling motion, heat transfer, and fluid dynamics.
- Biology: Understanding population dynamics and the spread of diseases.
- Economics: Analyzing growth models and market behaviors.

Formulating the Differential Equation

To illustrate the process of finding an explicit general solution, let’s consider a first-order linear ordinary
differential equation (ODE):

\[ \frac{dy}{dx} + P(x)y = Q(x) \]

where \( P(x) \) and \( Q(x) \) are continuous functions of \( x \). The goal is to find \( y(x) \) as a function
of \( x \).

Identifying Components

For our example, we need the following components:



- Integrating Factor: This is a crucial component used to solve linear ODEs. It is defined as:

\[ \mu(x) = e^{\int P(x) \, dx} \]

- General Solution: The general solution of the differential equation will be expressed in terms of arbitrary
constants, allowing for a family of solutions.

Finding the Explicit General Solution

To find the explicit general solution, we will follow a systematic approach.

Step 1: Compute the Integrating Factor

First, we compute the integrating factor \( \mu(x) \):

1. Integrate \( P(x) \):
- Compute the integral \( \int P(x) \, dx \).
- Calculate \( e^{\int P(x) \, dx} \) to obtain \( \mu(x) \).

Step 2: Multiply the ODE by the Integrating Factor

Next, we multiply both sides of the original ODE by the integrating factor:

\[ \mu(x) \frac{dy}{dx} + \mu(x) P(x) y = \mu(x) Q(x) \]

This transforms the left-hand side into the derivative of a product:

\[ \frac{d}{dx}[\mu(x) y] = \mu(x) Q(x) \]

Step 3: Integrate Both Sides

Now, we integrate both sides:

\[ \int \frac{d}{dx}[\mu(x) y] \, dx = \int \mu(x) Q(x) \, dx \]

This yields:

\[ \mu(x) y = \int \mu(x) Q(x) \, dx + C \]

where \( C \) is the constant of integration.

Step 4: Solve for \( y \)

Finally, we isolate \( y \):

\[ y = \frac{1}{\mu(x)} \left(\int \mu(x) Q(x) \, dx + C\right) \]

This expression represents the general solution of the differential equation.



Example Problem

Let’s apply the above methodology to a specific example. Consider the differential equation:

\[ \frac{dy}{dx} + 2y = e^x \]

Step 1: Identify \( P(x) \) and \( Q(x) \)

In this case:

- \( P(x) = 2 \)
- \( Q(x) = e^x \)

Step 2: Compute the Integrating Factor

We calculate the integrating factor:

\[ \mu(x) = e^{\int 2 \, dx} = e^{2x} \]

Step 3: Multiply by the Integrating Factor

We multiply the original equation by \( e^{2x} \):

\[ e^{2x} \frac{dy}{dx} + 2e^{2x} y = e^{3x} \]

This simplifies to:

\[ \frac{d}{dx}(e^{2x} y) = e^{3x} \]

Step 4: Integrate Both Sides

We integrate both sides:

\[ \int \frac{d}{dx}(e^{2x} y) \, dx = \int e^{3x} \, dx \]

This yields:

\[ e^{2x} y = \frac{1}{3} e^{3x} + C \]

Step 5: Solve for \( y \)

Now we isolate \( y \):

\[ y = \frac{1}{3} e^{x} + Ce^{-2x} \]

This represents the explicit general solution to the differential equation.



Conclusion

Finding the explicit general solution to a differential equation involves a systematic approach that utilizes
integrating factors, integration, and algebraic manipulation. The skills acquired through solving such
equations are invaluable, as they apply to numerous fields and real-world problems. Understanding the
structure and solutions of differential equations can provide insights into complex systems, allowing for
predictions and optimizations in various applications. As we have demonstrated, the process is not only
methodical but also rewarding, revealing the underlying connections within mathematics and its applications.

Frequently Asked Questions

What does it mean to find the explicit general solution of a differential
equation?

Finding the explicit general solution involves determining a function or set of functions that satisfy the
differential equation for all possible initial conditions.

What are the common methods for solving first-order differential
equations?

Common methods include separation of variables, integrating factors, and substitution techniques, depending on
the form of the equation.

How do you identify the type of a given differential equation?

You can identify the type by examining its order (the highest derivative present) and linearity (whether it can be
expressed as a linear combination of the dependent variable and its derivatives).

What role does the initial condition play in finding a particular solution
from the general solution?

An initial condition allows us to determine the specific constants in the general solution, thereby providing a
particular solution that satisfies both the differential equation and the initial condition.

Can you explain the concept of homogeneous and non-homogeneous
differential equations?

A homogeneous differential equation has all terms involving the dependent variable and its derivatives set to
zero, while a non-homogeneous equation includes additional terms that are not functions of the dependent
variable.

What is the significance of the constant of integration in the general
solution of a differential equation?

The constant of integration represents the family of curves that satisfy the differential equation, reflecting
the infinite number of possible solutions derived from the general solution.

What is the difference between the general solution and the particular



solution of a differential equation?

The general solution includes arbitrary constants that represent a family of solutions, while the particular
solution is derived from the general solution by applying specific initial or boundary conditions.
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