elementary calculus an infinitesimal
approach

elementary calculus an infinitesimal approach offers a foundational understanding of
the mathematical concepts that underpin modern science, engineering, and economics.
This approach, rooted in the idea of infinitesimally small quantities, provides an intuitive
and powerful way to grasp the core principles of change and accumulation. Unlike more
formal epsilon-delta definitions, the infinitesimal method often appeals to a broader
audience, making the abstract ideas of limits, derivatives, and integrals more accessible.
This article will delve into the fundamental concepts of elementary calculus through this
unique lens, exploring how infinitesimals help us understand rates of change, areas under
curves, and the summation of countless tiny parts. We will also touch upon the historical
significance of this perspective and its modern relevance in various fields.
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Understanding the Infinitesimal Concept

The cornerstone of an infinitesimal approach to calculus lies in the notion of an
“infinitesimal” quantity. This is a number that is strictly positive but smaller than any
positive real number you can name. While this concept can seem paradoxical from a
standard real number system perspective, it provides a powerful heuristic for developing
calculus. Think of an infinitesimal not as a limit that is never reached, but as a vanishingly
small but still existing quantity. For instance, if we consider a change in x, denoted as Ax, in
the infinitesimal approach, we might work with dx, a quantity that is infinitely smaller than
Ax. This allows us to simplify complex calculations by treating these extremely small
changes as manageable entities.

Historically, mathematicians like Newton and Leibniz utilized infinitesimals to build the
foundations of calculus. Their methods, while perhaps lacking the rigorous proofs we
demand today, were incredibly effective in deriving fundamental results. The idea is that
when we consider a change that is so small it's practically zero, we can often ignore higher-
order terms in our calculations, leading to elegant and insightful solutions. This intuitive
leap is what makes the infinitesimal approach so appealing for introductory calculus
students.



The Nature of Infinitesimals

In the context of calculus, an infinitesimal is often visualized as a length or a change that is
smaller than any measurable unit but still contributes to the overall behavior of a function.
It's a quantity that can be made arbitrarily small, approaching zero but never quite
reaching it. This is in contrast to the epsilon-delta definition of a limit, which focuses on
bounding a function's output within a certain range as the input approaches a specific
value. The infinitesimal approach bypasses this formal structure by directly engaging with
the idea of "vanishingly small" quantities.

Consider a curve on a graph. When we analyze its slope at a specific point using
infinitesimals, we are looking at the change in the y-value (dy) divided by the change in the
x-value (dx) where both dy and dx are infinitesimally small. This ratio, dy/dx, represents the
instantaneous rate of change at that exact point.

The Limit as an Infinitesimal Process

While modern calculus often formalizes limits using epsilon-delta definitions, the
infinitesimal approach offers an intuitive understanding of what a limit represents. Instead
of thinking about a value being "approached," we consider the behavior of a function as its
input undergoes an infinitesimal change. The limit of a function at a point is effectively
what the function's output becomes as its input is infinitesimally close to that point.

For example, when we examine the limit of a function f(x) as x approaches a value 'a‘, we
are essentially looking at the value of f(x) when x is infinitesimally near to 'a'. If we denote
this infinitesimally close value as 'a + dx’, then the limit is the value of f(a + dx) where dx is
an infinitesimal. This perspective helps demystify the concept of a limit by grounding it in
the tangible idea of extremely small variations.

Approaching Zero with Infinitesimals

The concept of approaching zero is central to understanding limits in calculus. With
infinitesimals, we don't just get close to zero; we consider quantities that are so small they
are effectively "smaller than any positive number." This allows us to simplify expressions
and make deductions that are valid in the limiting case. For instance, when calculating the
derivative of a function, we often encounter terms that involve squares or higher powers of
an infinitesimal change (like (dx)”~2 or (dx)”™3).

In the infinitesimal framework, these higher-order infinitesimal terms are often considered
negligible compared to the first-order infinitesimal terms. This is because if 'dx' is incredibly
small, then (dx)”2 is even smaller, and (dx)” 3 is smaller still. By dropping these terms, we
can isolate the dominant rate of change, which is precisely what the derivative represents.
This simplification is a powerful tool for deriving rules of differentiation.



Derivatives: Measuring Instantaneous Change
with Infinitesimals

The derivative of a function, a fundamental concept in calculus, is elegantly explained
through the infinitesimal approach. A derivative measures the instantaneous rate of change
of a function at a particular point. Using infinitesimals, we can define the derivative as the
ratio of an infinitesimal change in the dependent variable (dy) to an infinitesimal change in
the independent variable (dx). This is often written as dy/dx.

To derive the derivative of a function, say f(x), we consider a small change 'dx"' in x. The
corresponding change in f(x) is then f(x + dx) - f(x). The slope of the secant line connecting
the points (x, f(x)) and (x + dx, f(x + dx)) is given by [f(x + dx) - f(x)] / dx. In the
infinitesimal approach, we let dx become an infinitesimal. The limit of this ratio as dx
approaches zero (or, more precisely, as dx becomes an infinitesimal) yields the derivative,
often denoted as f'(x) or dy/dx.

Calculating Slopes with Infinitesimal Gradients

The power of the infinitesimal approach in differentiation lies in its ability to capture the
precise slope of a tangent line to a curve at any given point. Imagine zooming in on a curve
until a small segment appears almost like a straight line. The slope of this tiny, almost
straight segment is what the derivative represents. By using infinitesimally small changes
in x and y, we are effectively calculating the slope of this tangent line.

Consider the function y = x™~2. We want to find the derivative at a point x. We let the
independent variable change by an infinitesimal amount dx. The new value of x is x + dx.
The new value of y is (X + dx)"™2 = x™2 + 2x(dx) + (dx)”~2. The change iny isdy = (x™~2 +
2x(dx) + (dx)"2) - x™~2 = 2x(dx) + (dx)”™2. The ratio dy/dx is then [2x(dx) + (dx)"~2]/dx =
2x + dx. As dx is an infinitesimal, we can disregard it, leaving us with the derivative dy/dx
= 2X. This showcases how infinitesimals simplify the process of finding rates of change.

Rules of Differentiation Derived Infinitesimally

Many of the standard differentiation rules, such as the power rule, product rule, and chain
rule, can be intuitively derived using the infinitesimal approach. For example, to find the
derivative of y = x™n, we let x change by dx, so y changes by dy. The new value of y is (x
+ dx)”™n. Using the binomial expansion (though often simplified conceptually in
introductory infinitesimal calculus), we can express (x + dx)”™n as x~n + nx™(n-1)dx +
terms involving higher powers of dx. Thus, dy = nx”~(n-1)dx + higher order terms. Dividing
by dx and letting dx be infinitesimal leads to dy/dx = nx™(n-1).

The product rule, for instance, can be derived by considering the change in the product of
two functions, u(x) and v(x). Let y = u(x)v(x). If x changes by dx, then u changes by du and



v changes by dv. The new value of y is (u + du)(v + dv) = uv + u(dv) + v(du) + (du)(dv).
The change in y is dy = u(dv) + v(du) + (du)(dv). When we divide by dx, we get dy/dx =
u(dv/dx) + v(du/dx) + (du/dx)(dv/dx). Since du and dv are infinitesimals, their product
(du)(dv) is a second-order infinitesimal, which is disregarded in this approach. This leaves
us with dy/dx = u(dv/dx) + v(du/dx), the familiar product rule.

Integrals: Accumulating Infinitesimal Quantities

The integral, the other fundamental pillar of calculus, is equally well-suited to an
infinitesimal explanation. Integration can be understood as the process of summing up an
infinite number of infinitesimally small components to find a total quantity. This is most
clearly visualized when calculating the area under a curve.

Imagine dividing the area under a curve y = f(x) between two points, a and b, into a large
number of very thin rectangles. Each rectangle has an infinitesimal width, dx, and a height
equal to the function's value at that point, f(x). The area of each infinitesimally thin
rectangle is then f(x)dx. To find the total area, we sum up the areas of all these
infinitesimally thin rectangles from x = a to x = b. This summation process is precisely what
the definite integral represents: [[from a to b] f(x)dx.

Finding Areas and Volumes with Infinitesimal Slices

The concept of slicing a complex shape into infinitely many infinitesimal pieces is a
powerful technigue enabled by the infinitesimal approach to integration. For calculating
areas, we use infinitesimally thin vertical or horizontal strips. For volumes, we can think of
slicing the object into infinitesimally thin disks, washers, or shells. The area or volume of
each infinitesimal slice is calculated, and then these are summed up using integration.

For example, to find the area under the curvey = x~2 from x = 0 to x = 2, we consider
infinitesimally thin rectangles of width dx and height x”~2. The area of each rectangle is

X7 2dx. Summing these from x = 0 to x = 2 gives the definite integral [[from O to 2] x™2dx.
Evaluating this integral gives [x”~3/3] from 0 to 2, which is (27°3/3) - (073/3) = 8/3. This
represents the total accumulated area.

The Funhdamental Theorem of Calculus and
Infinitesimals

The Fundamental Theorem of Calculus elegantly connects differentiation and integration,
and this connection is quite intuitive when viewed through the lens of infinitesimals. The
theorem essentially states that integration and differentiation are inverse operations. If we
integrate a function f(x) to get F(x) (meaning F'(x) = f(x)), then the integral of f(x) from a to
b, which represents the total accumulation of f(x) over that interval, is equal to the
difference in F(x) evaluated at the endpoints, i.e., F(b) - F(a).



Using infinitesimals, consider an accumulating quantity Q(x) whose rate of accumulation is
given by f(x). This means dQ/dx = f(x). If we want to find the total change in Q from a to b,
we can think of accumulating infinitesimal changes in Q, which are dQ = f(x)dx, over the
interval. Summing these up, the total change is the integral of f(x)dx from a to b. Since
dQ/dx = f(x), then Q(x) is the integral of f(x)dx. Therefore, the total change Q(b) - Q(a) is
the integral from a to b of f(x)dx.

Applications of Infinitesimal Calculus

The principles derived from an infinitesimal approach to calculus have far-reaching
applications across numerous disciplines. Whether it's understanding the motion of objects,
optimizing economic models, or analyzing biological growth, the ability to measure rates of
change and accumulate quantities is indispensable.

In physics, derivatives are used to describe velocity and acceleration, while integrals are
used to calculate displacement and work done. Engineers rely on calculus to design
structures, analyze circuits, and model fluid dynamics. Economists use calculus to find
maximum profits, minimum costs, and understand market trends. Even in fields like
computer graphics, calculus plays a role in rendering smooth curves and simulating realistic
movements.

Physics and Engineering Applications

The infinitesimal perspective provides a concrete way to grasp concepts like instantaneous
velocity and acceleration. Velocity is the infinitesimal change in position (ds) divided by the
infinitesimal change in time (dt), i.e., v = ds/dt. Acceleration is the infinitesimal change in
velocity (dv) divided by the infinitesimal change in time (dt), i.e., a = dv/dt. Integrals are
then used to find position from velocity or velocity from acceleration. For instance, if we
know the acceleration of an object, we can integrate it with respect to time to find its
velocity, and then integrate the velocity to find its position.

Economics and Finance

In economics, marginal analysis heavily relies on derivatives. The marginal cost, for
example, is the derivative of the total cost function, representing the cost of producing one
additional unit. Similarly, marginal revenue is the derivative of the total revenue function.
Integrals are used to calculate total cost or revenue over a period, or to find the present
value of future cash flows.

Other Fields of Study



Beyond the core STEM disciplines, calculus finds applications in biology for modeling
population growth and decay, in medicine for understanding drug concentration over time,
and in environmental science for analyzing pollution dispersal. The ability to model
continuous change and accumulation, facilitated by the infinitesimal approach, makes
calculus a universal language for understanding dynamic systems.

Historical Context and Modern Interpretations

The development of calculus is often attributed to Isaac Newton and Gottfried Wilhelm
Leibniz in the late 17th century. Both independently developed methods for dealing with
rates of change and areas, utilizing the concept of infinitesimals. Leibniz, in particular,
developed much of the notation we use today, including the integral sign (J) and the
derivative notation (dy/dx), which are inherently suggestive of infinitesimal quantities.

While the infinitesimal approach was instrumental in the early development of calculus, its
lack of rigorous foundation led to criticism and a desire for more formal mathematical
underpinnings. In the 19th century, mathematicians like Augustin-Louis Cauchy and Karl
Weierstrass developed the epsilon-delta definition of limits, which provided a more rigorous
framework for calculus by avoiding the problematic notion of actual infinitesimals. However,
the intuition provided by infinitesimals remains a valuable pedagogical tool for
understanding calculus concepts.

The Debate on Rigor

For centuries, mathematicians debated the logical validity of infinitesimals. Critics argued
that a quantity could not be both positive and smaller than any positive real number
without contradicting the axioms of the real number system. This led to the development of
the epsilon-delta definition, which rigorously defines limits without relying on the existence
of infinitesimals. This formal approach solidified calculus as a robust mathematical
discipline.

Revival and Non-Standard Analysis

Interestingly, the concept of infinitesimals experienced a revival in the 20th century with
the development of Non-Standard Analysis by Abraham Robinson. Robinson showed that it
is possible to construct a consistent mathematical system that includes infinitesimals and
infinite numbers, providing a rigorous foundation for the intuitive methods used by Newton
and Leibniz. This has led to a renewed appreciation for the power and elegance of
infinitesimal reasoning in certain contexts.

The exploration of elementary calculus through an infinitesimal approach provides a
powerful and intuitive gateway into understanding the fundamental principles of change
and accumulation. By embracing the concept of vanishingly small quantities, we gain a



clearer perspective on limits, derivatives, and integrals, unlocking a vast array of
applications across science, engineering, and beyond. The historical journey and modern
interpretations of this approach highlight the enduring appeal and effectiveness of
infinitesimal reasoning in mathematics.

FAQ

Q: What is an infinitesimal in the context of elementary
calculus?

A: In elementary calculus, an infinitesimal is a quantity that is considered to be positive but
smaller than any positive real number. It is a concept used to intuitively understand limits,
derivatives, and integrals by thinking about "infinitely small" changes.

Q: How does the infinitesimal approach simplify
understanding derivatives?

A: The infinitesimal approach simplifies derivatives by allowing us to think of the derivative
as the ratio of an infinitesimal change in the dependent variable (dy) to an infinitesimal
change in the independent variable (dx), i.e., dy/dx. This directly represents the
instantaneous rate of change or the slope of the tangent line.

Q: Can you give an example of using infinitesimals to
find a derivative?

A: Yes. For the function y = x” 2, if x changes by an infinitesimal dx, then y changes by dy
= (X+dx)"2 - x™2 = 2x(dx) + (dx)™2. In the infinitesimal approach, we disregard the
higher-order term (dx)” 2, leaving dy = 2x(dx). Thus, dy/dx = 2x.

Q: How does the infinitesimal approach explain
integration?

A: The infinitesimal approach explains integration as the process of summing up an infinite
number of infinitesimally small quantities. For example, finding the area under a curve is
visualized as summing the areas of infinitely many thin rectangles, each with an
infinitesimal width dx and height f(x), leading to the integral [f(x)dx.

Q: What is the main difference between the
infinitesimal approach and the epsilon-delta approach
to limits?

A: The epsilon-delta approach provides a rigorous definition of limits without assuming the
existence of actual infinitesimals, focusing on bounding function outputs. The infinitesimal
approach uses the intuitive idea of "infinitely small" quantities to understand how functions



behave as their inputs get arbitrarily close to a point.

Q: Are infinitesimals still considered valid in modern
mathematics?

A: While the traditional, less rigorous notion of infinitesimals was largely replaced by
epsilon-delta definitions, the field of Non-Standard Analysis developed in the 20th century
provides a rigorous mathematical framework that includes infinitesimals and infinite
numbers.

Q: What are some real-world applications of calculus
learned through an infinitesimal approach?

A: Applications include calculating velocity and acceleration in physics, optimizing costs in
economics, designing bridges in engineering, and modeling population dynamics in biology.
The ability to understand and calculate rates of change and accumulation is fundamental to
these fields.

Q: Why was the infinitesimal approach historically
significant for calculus?

A: The infinitesimal approach was crucial because it allowed early mathematicians like
Newton and Leibniz to discover and formulate many of the fundamental theorems and
techniques of calculus, providing an intuitive path to solving problems involving change and
motion before more formal rigor was established.
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